Abstract: The present study investigates whether an nthorder shear deformation theory is applicable for the composite laminates in cylindrical bending. The theory satisfies the traction free conditions at top and bottom surfaces of the plate and does not require problem dependent shear correction factor which is normally associated with the first order shear deformation theory. The well-known classical plate theory at (n = 1) and higher order shear deformation theory of Reddy at (n = 3) are the perticular cases of the present theory. The governing equations of equilibrium and boundary conditions are obtained using the principle of virtual work. A simply supported laminated composite plate infinitely long in y-direction is considered for the detail numerical study. A closed form solution for simply supported boundary conditions is obtained using Navier's technique. The displacements and stresses are obtained for different aspect ratios and modular ratios.
Introduction
Composite materials are those formed by combining two or more materials on a macroscopic scale such that they have better engineering properties such as stiffness, strength, weight reduction, corrosion resistance, thermal properties, fatigue life, and wear resistance. The structural elements (beams, plates and shells) made up of such materials are required accurate structural analysis to predict *Corresponding Author: A. S. Sayyad: Department of Civil Engineering, SRES's College of Engineering, Savitribai Phule Pune University, Kopargaon-423601, Maharashtra, India, E-mail: attu_sayyad@yahoo.co.in Y. M. Ghugal: Department of Applied Mechanics, Government Engineering College, Karad-415124, Maharashtra, India the correct bending behaviour. Therefore, over the years, researchers have developed many computational models for the one dimensional and two dimensional bending of laminated composite plates such as: Mindlin [1] , Reddy [2] , Touratier [3] , Soldatos [4] , Karama et al. [5] , Akavci [6] and many more. When one dimension of the plate is infinitely long as compared to other two dimensions, it is called as a cylindrical bending problem (plane strain problem). Pagano [7] has presented the exact elasticity solution for cylindrical bending of laminated composite plates. Reddy [8] has solved several problems on cylindrical bending of composite laminated plates using classical plate theory (CPT), first order shear deformation theory (FSDT) and higher order shear deformation theory (HSDT). Soldatos [4] presented cylindrical bending of orthotropic plates using trigonometric and hyperbolic functions. Soldatos and Watson [9] have developed a new stress analysis method for the cylindrical bending of crossply laminated plates which is further applied to angleply laminated plates by Shu and Soldatos [10] . A semiexact method based on the assumption of inextensibility of the plate through the thickness is developed by Jalali and Taheri [11] to examine the bending response of crossply laminated plates under cylindrical bending. Perel and Palazotta [12] developed a new plate theory for the cylindrical bending of sandwich plate simplifying the assumptions regarding the distribution of transverse strain components in the thickness direction. Khdeir [13] presented free and forced vibration analysis of angle-ply laminated composite plates based on CPT and FSDT for arbitrary boundary conditions and loading conditions using the state space concept. Park and Lee [14] presented a new exponential theory for the cylindrical bending of laminated composite plates. Chen and Lee [15] developed an elasticity method to study the bending and the free vibration response of simply-supported angle-ply laminated cylindrical panels in the cylindrical bending using method of state-space. Lu et al. [16] obtained elasticity solutions for free vibration of angle-ply laminates subjected to cylindrical bending using semi-analytical approach. Carrera [17] studied the non-linear response of antisymmetrically laminated composite plates under cylindrical bending. Ghugal and Sayyad [18] have developed a trigonometric shear deformation theory taking into account transverse shear deformation effect as well as the transverse normal strain effect for the cylindrical bending of orthotropic plate. Recently Sayyad et al. [19] developed a new trigonometric shear deformation theory for the flexural analysis of laminated composite and sandwich beams whereas Natarajan et al. [20] studied the bidirectional bending and free vibration analysis of cross-ply laminated composite plates using trigonometric shear deformation theory. Sun and Harik [21] extend the analytical strip method to stiffened antisymmetric cross-ply or angle-ply laminated composite plates with bending-extension coupling. Carpentieri et al. [22] developed an accurate one dimensional theory for the dynamic analysis of laminated composite curved beams. Ferreira et al. [23] proposed layerwise theory for the bidirectional bending analysis of sandwich plates using generalized differential quadrature method. A number of refined beam theories are applied by Carrera et al. [24] for the free vibration analysis of laminated composite beams. Tornabene [25] applied the generalized differential quadrature for the dynamic behaviour of laminated composite doubly-curved shells of revolution. Tornabene et al. [26] proposed a two dimensional general higher-order equivalent single layer approach, based on the Carrera Unified Formulation for the static analysis of doubly-curved laminated composite shells and panels.
Xiang et al. [27] was first to developed an nth order shear deformation for the free vibration analysis of isotropic plates. Further, it is extended for several problems of laminated composite and functionally graded plates by Xiang et al. [28] , Xiang and Kang [29] and Xiang et al. [30] . However, the theory is applied to bidirectional problems of plates only. This study investigates whether the nth order shear deformation proposed by Xiang et al. [27] is applicable for one dimensional (cylindrical bending) problems of laminated composite plates. In the view of this, Sayyad et al. [31] have applied this theory for the cylindrical bending of homogenous plate made up of orthotropic material. Therefore, in this paper the theory is extended for the cylindrical bending of laminated composite plates. The Governing equations and boundary conditions are obtained using an analytical form of the principle of virtual work. A simply supported laminated composite plate is considered for the numerical study. The present results are compared with those obtained by HSDT of Reddy [2] FSDT of Mindlin [1] and exact elasticity solution provided by Pagano [7] .
Mathematical Formulation of Cylindrical Bending Problem
Let us consider a laminated composite plate constructed of an arbitrary number of layers of linearly elastic orthotropic material. The layers are perfectly bounded together. Each ply obeys the hook's law of the plane strain problem. The transverse normal strain εz is negligible. The geometry and coordinate system of the plate is shown in Fig. 1 . It is assumed that the plate is of an infinite extent in the y direction while it is simply supported at its edges x = 0 and x = a. The plate has constant thickness 'h'. The downward z-direction is assumed as positive, therefore, the thickness coordinate of the upper surface is −h/2 and lower surface is +h/2. A transverse load q(x) is applied at the upper surface of the plate, i.e. z = −h/2. The displacements in the x and z directions are denoted by u and w respectively.
Displacement function
Due to the symmetries involved in this cylindrical bending problem (plane strain problem), the displacement function of the nth-order shear deformation theory [31] is as follows:
where w 0 is the transverse displacement of a point on mid plane (i.e. z = 0) and ϕ is the shear slope associated with cross sectional warping. Due to the symmetries involved in both the geometrical and loading characteristics, both the displacement components ϕ and w 0 are independent of the y coordinate. The CPT and HSDT of Reddy [2] are the modified form of the present theory at n = 1 and n = 3 respectively.
Strain components
Upon applying the kinematic relations of plane strain elasticity problem to the displacement function given by equation (1), one can obtain the following non-zero linear strain components associated with the present theory:
where εx is the normal strain and zx is the shear strain.
Stress components
The stress-strain relationship for the k th layer of the plate can be written as:
The substitution of strains from equations (2) and (3) into the equation (4) gives the following values of stresses.
where
and
where E 1 , G 31 , µ 12 , µ 21 are the elastic constants of plate material. Here subscripts 1, 2, 3 correspond to x, y, z directions of Cartesian coordinate system respectively. Equation (6) implies that the transverse shear stress vanish on the surface z = ±h/2.
Stress resultants
The in-plane force (Nx) and moment (Mx, Px) resultants associated with the present theory are defined as follows:
The shear (Rx, Qx) resultants associated with the present theory are defined as follows:
Governing Equations and Boundary Conditions
The governing equations and boundary conditions associated with the assumed displacement function are obtained using the principle of virtual work. The analytical form of the principle of virtual work is
By substituting strains from equations (2) and (3) into the equation (13), one can obtain After carrying out integrations with respect to z, the equation (14) leads to the following form:
(15) Integrating the equation (15) by parts and setting the coefficients of δu 0 , δw 0 and δϕ zero, the governing equations and boundary conditions are obtained. The governing equations of the present theory are simplified as follows:
To determine the form of boundry conditions, one can consider the boundry integrals in equation (15) . The boundary conditions at the edges x = 0 and x = a are as follows:
Either
In conjection with stress resultants from equations (8) - (12) , the governing equations in terms of displacement variables (u 0 , ϕ and w 0 ) are rewritten as: 
This completes the development of governing equations and boundary conditions of the present theory for cylindrical bending problem.
Numerical Examples
A laminated composite plate subjected to sinusoidally distributed transverse load on the upper surface (z = −h/2) is considered for the detail numerical study. The transverse loading independent of the y co-ordinate acting on the plate is shown in Fig. 2 . The plate satisfies following boundary conditions at simply supported edges (x = 0, x = a): Navier's solution procedure is adopted to determine unknown displacement variables (u0 , w 0 and ϕ). The following is the solution form assumed for displacement variables u 0 , w 0 and ϕ satisfying the simply supported boundary conditions exactly. (28) where u 1 , w 1 and ϕ 1 are the unknown coefficients to be determine. Substitution of equation (28) into governing equations (23) - (25) leads to the following matrix form: [2] where,
Solution of equation (29) gives the values of unknown coefficients u 1 w 1 and ϕ 1 . Having obtained values of these coefficients one can then calculate all the displacements from equation (1) and stress components within the plate from equations (6) and (7) . Following examples are considered for the detail numerical study. 
Results and Discussions
The displacements and stresses of simply supported laminated composite plates are obtained at n = 1, 3, 5, 7 and 9. The classical plate theory (CPT) and higher order shear deformation theory (HSDT) of Reddy [2] are the special cases of present theory at n = 1 and n = 3 respectively. To verify the correctness of present theory, the obtained results are compared with exact elasticity solution given by Pagano [7] wherever possible. Also numerical results are generated by using first order shear deformation theory (FSDT) of Mindlin [1] for the comparison purpose. The results are presented in the following normalized form.
The following material properties for high modulus graphite-epoxy laminated plates given by Pagano [7] are used to obtain the normalized displacements and stresses. of the theory of elasticity. The stress continuity condition is satisfied when transverse shear stresses are obtained using equilibrium equations of the theory of elasticity. In Table 1 results are presented for the plate made up of material 1 whereas in Table 2 results are presented for the plate made up of material 2. From Table 1 it can be observed that, the CPT symmetrically laminated composite plate. In this problem also the overall thickness of the plate is equally distributed among the layers. The comparison of displacements and stresses are shown in Tables 3 and 4 . For symmetrically laminated composite plates, present theory at n = 3 (HSDT) is more efficient than the other models (n = 5, 7 and 9). The CPT and FSDT show less accurate results. The distribution of in-plane displacements and stresses are shown in Figs. 9 through 14.
Conclusions
In this paper, a nth-order shear deformation theory developed by Xiang et al. [18] is successfully extended for the cylindrical bending of laminated composite plates. The theory accounts for a parabolic variation of the transverse shear stress across the thickness and satisfies the traction free boundary conditions on the top and bottom surfaces of the plate without using problem dependent shear correction factors. The variationally consistent governing equations and boundary conditions are obtained using the principle of virtual work. The numerical results presented in the study prove that, the classical plate theory and higher order shear deformation theory of Reddy are the special cases of the present theory. The present theory gives excellent results of displacements for higher values of n (3, 5, 7 and 9). In case of un-symmetrically laminated composite plates, present theory predicts excellent values of stresses at all values of n except n = 1. In case of symmetrically laminated composite plates, the excellent results are obtained at n = 3.
